Sahithyan's S1 — Maths

Complex Numbers

Introduction

Representation methods

The methods are:

o Cartesian representation: z = = + 1y
e Polar representation: z = pew
Here:

x = pcos @ -real part

y = psin @ - imaginary part

p=+/x2+ Y2 - modulus

0 =tan~' (£) -argangle

Euler’s Formula

Forxz € R:

e =cosxz +isinx

‘ @ Proof Hint

{ Use Taylor series for €*, cos z, sin x.
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Euler’s Identity

One of the most beautiful equations in mathematics.

Roots of Unity

ei7r_|_1

0

n-th roots of unity (1) are the complex numbers that satisfy the equation, 2 = 1. There are n

distinct solutions.

The solution can be written as 1, w, w

n

2
zZ = exp (z( mﬂ)) where m € Z U [0,n)

2 .3
, WP, W

n—1

1 is called the trivial solution. Other solutions are called as primitive n-th roots.

Complex Functions

Suppose w = f(z) where z, w € C. Input and output points are marked in 2 separate complex

planes.
y
!‘_-/:{:,;1 = _f[z
- —
)
. &
Zp
o
-
z-plane
Here:

e D -domainof f

e D’ -codomainof f

w-plane

From Sahithyan's S1


https://s1.sahithyan.dev

Image

Image of f is the set:

{f(z) | z € D}
Cartesian form
f(2) = u(z,y) + iv(z,y)

Here u, v are real functions.

Limits
ZIE?O f(2) = Liff:

Ve>036>0Vz (0<|z—20| <& = |f(2) —L| <e¢)
Properties

All properties mentioned in Limits | Real Analysis are applicable to complex limits. Additional

properties are mentioned below:
Suppose lim f(z) = L.

. lim% =L
 limRe(f(2)) = Re(L)
e limIm(f(2)) = Im(L)

Real and imaginary limits
Let f(2) = u(z,y) + iv(z,y), 20 = To + 1Yo, 2 = T + 1y.

Suppose the real part and imaginary part limits to L1, L9, which can be written as:

lim wu(z,y)=1L lim o(z,y)=1L
) gy VY =1 lim (@) =L

Then:
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lim f(z) =L1+1Ls

zZ—20

Difference from real functions

For real functions, when considering the limit at a point, the limit could be be approaching the point

either from left or right.

For complex functions, the point can be approached along any path in the complex plane. The

distance |z — zg| decreases to 0.

Notes for questions

e When 2 arbitrary paths are chosen: if the limits on each are different, then the limit DNE.
e When substituting 2 = & 4 #ma : if m doesn’t cancel out, then the limit DNE.
¢ In most limits, subtituting z = ret will simplify the limit a lot.

¢ In very complex functions, limits can be taken for real and imaginary parts separately.
Important limits

L z .
lim — doesn’t exist
2—0 Z

The above limit is important as it shows up in many questions. Can be disproved by taking two paths:

real, imaginary axes.

lim — doesn’t exist

=0 2+ 2

Can be proven usign taking 2 paths: real axis, t + Vti.

Continuity

f(2) is continuous at 2 iff:
lim f(2) = f(z0)

< Ve>030>0Vz (|z2— 20| <& = |f(2) — f(z0)| <€)
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Conditions

For f to be continuous on 2y, all these conditions are required.

o f isdefinedat 2z

o lim f(2) exists
zZ—2p

. }1_{30 f(2) = f(20)

Properties

If f, gare continuous at zg, these functions are also continuous at zj:

o Re(f)
Im(f)
| £l
fxg
. fg

/

<5 Where g %0

7(9(2))

Differentiability

A complex function f is differentiable at 2 iff:

lim f(2) — f(20)

22—z Z— 2

=L = f'(z0)

f'(20) is called the derivative of f at 2¢. Properties of Differentiability | Real Analysis can be applied

to complex functions.

Singular point

A point zg where f(z) is not differentiable.

Neighbourhood

Suppose 29 € C. A neighborhood of 2y is the region contained in the circle |z — zg| = r > 0.
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Analytic Functions

A function f is said to be analytic at 2 iff it is differentiable throughout a neighbourhood of zp. Aka.

regular functions, holomorphic functions and monogenic functions.

Examples

¢ Polynomial functions of z (analytic everywhere)

¢ Functions with a converging Taylor series for all z (analytic everywhere)
o sinz
o COSZ

o e?

Non-examples

Function Note

|z| 2 Differentiable only at 2 = 0.

z Nowhere differentiable. Derivative taken on the real and imaginary axes are
different.

Re(z) Similar to above.

zZ+z Similar to above.

Im(z) Similar to above.

z2—2z Similar to above.

Analytic implies differentiable
f is analytic at zg = f is differentiable at z

Cauchy-Riemann Equations

Suppose f is a complex-valued function of a complex variable. If the derivatives are the same for the

2 paths —real and imaginary axes— then f is analytic.

Suppose f(z) = u(z,y) + v(z, y) for the theorems below.
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The equations

The set of equations mentioned below are the Cauchy Riemann Equations, where u, v are functions

ofx,y.

Cartesian form

ou Ov Ou Ov
_ = = — =9 —_— Uy = —— = =
Oz ey Y Oy Y Oz ‘
Polar form
Here the partial derivatives are about 7, 6.
UI,- — —’Uo /\ ’U:,- _ —_Uo
T
Complex form
f G _":f Yy
Theorem 1
If f is differentiable at zg, then
e All partial derivatives Uy, Uy, Vz, Uy existand
¢ They satisfy the Cauchy Riemann equations
f'(20) = uz(z0, y0) + ivz(x0, Yo)
‘ @ Note ’
{ Contrapositive is useful when proving f is not differentiable at zy. J
Theorem 2
If:
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e All partial derivatives Uy, Uy, V5, U, existand
¢ They satisfy Cauchy-Riemann equations and

e They are continuous at 2

Then:

o f isdifferentiable at zg and

f'(z0) = us(0, yo) + tvz(Z0,%0)

Theorem 3

If f is analytic at 2zg, then its first-order partial derivatives are continuous in a neighbourhood of 2.

Entire Functions

A complex function that is differentiable everywhere. Which implies that they are analytic

everywhere.
Examples:

¢ polynomial functions

e sin z,cos z, e*
Non-examples:

¢ Rational functions
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