Sahithyan's S1 — Maths

Real Analysis

Introduction

Mathematical logic

Proposition

A statement in either true or false state.

Symbols

Symbol Read as
and

or

then
implies
implied by
if and only if
for all

there exists

2 W < H T H 1 < >

not

Let's take @ — b.

1. Contrapositive or transposition: ~ b — ~ a.This is equivalent to the original.

2. Inverse: ~ a — ~ b.Does not depend on the original.

3. Converse: b — a . Does not depend on the original.

a—b=~aVb=~b— ~a
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Required proofs

o ~VzP(z)=3z ~ P(z)

e ~ dz P(z) =Vz ~ P(z)

o JdzIyP(z,y) = JyIzP(z,y)

e VxVyP(z,y) = VyVzP(z,y)

o JzVyP(z,y) = VyJdzP(z,y)

e (A=C)AN(B—-C)=(AVB)=C

Methods of proofs

1. Just proof what should be proven
2. Prove the contrapositive
3. Proof by contradiction

4. Proof by induction

Proof by contradiction

Suppose a = b has to be proven. If a A ~ bis proven to be false, then, by proof by contradiction,

a — bcan be trivially proven.
Logic behind proof by contradiction
aAN~b=F
~(@A~b)=n~F
~aVb=T
a—>b=T
a —= b

Set theory

Zermelo-Fraenkel set theory with axiom of choice (ZFC) — 9 axioms all together — is being used in

this module.
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Definitions

e T €A —= ¢ A

r€e AUB < € AVxeB
r€ANB < zc ANx€B
ACB=Vz(zr€e A = z € B)
e A—-B=ANB°

Required proofs

e (ANB)*=A°UB*

e (AUB)®*=A°NB°
AN(BUC)=(ANB)U(ANCQO)
AUBNC)=(AUuB)N(AUC)
ACAUB

ANBCA

The axioms

‘ @ Note ’

{ This section was not discussed in class, and can be skipped. J

All the axioms defined in Zermelo-Fraenkel set theory and axiom of choice are mentioned here for
the sake of completeness. Their exact, formal definition is not included here. Formal definitions can

be found on ZFC set theory - Wikipedia.

Axiom of extensionality

Two sets are equal (are the same set) if they have the same elements.

A=B <— ((Vz€e A = z€e B)A(Vz€ B = z € A))

Axiom of regularity

A set cannot be an element of itself.
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Axiom of specification

Subsets that are constructed using set builder notation, always exists.

Axiom of pairing

If x and Yy are sets, then there exists a set which contains both & and y as elements.

VaVydz((z € 2) A (y € 2))

Axiom of union

The union of the elements of a set exists.

Axiom schema of replacement

The image of a set under a definable function will also be a set.

Axiom of infinity

There exists a set having infinitely many elements.

Axiom of power set

For any set x, there exists a set y that contains every subset of z:

VedyWz(z Cx — z € y)

Axiom of well-ordering (choice)

| don’t understand this axiom. If you do, let me know.
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Set of Numbers
Sets of numbers
o Positive integers: Z* = {1,2,3,4,...}.
e Naturalintegers: N = {0,1,2,3,4,...}.
o Negativeintegers: Z~ = {—1,—2,—-3,—4,...}.
e Integers: Z =Z~ U{0}UZ".
e Rational numbers: Q = {%‘q #+0Ap,q€E Z}.

e Irrational numbers: limits of sequences of rational numbers (which are not rational numbers)

e Realnumbers: R = Q°U Q.

Complex numbers are taught in a separate set of lectures, and not included under real analysis

lectures.

Axiomatic definiton of real numbers
Set of real numbers is a set satisfying all these axioms:
¢ Field axioms

e Order axioms

e Completeness axiom

Archimedean property

1
vy eRT Ik €L st - <y

Continued Fraction Expansion

The process

e Separate the integer part
¢ Find the inverse of the remaining part. Result will be greated than 1.

¢ Repeat the process for the remaining part.

Finite expansion

Take %;] for example.
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1
420
B =0t 5
6
1
420
420 _g -
69 3
11+g
420 _ 1
w =6t —71
11+ 5

As % is finite, its continued fraction expansion is also finite. And it can be written as

2 =[6;11,2].

Infinite expansion

For irrational numbers, the expansion will be infinite.

For example 7r:

7+
15 + L

1
1+ 902

Conintued fraction expansion of 7is [3;7,15,1,292,1,1,1,2,1,3,1,14,2,1,1, 2,

Convergence

.

In the case of infinite continued fraction expansion, on each "+” part, the expansion can be

separated. Each separated part will generate a sequence of numbers, which is converging to the

original number.

For example, for m, the sequence will be:

22 303 355
77106 113 T
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Here:

¢ Elements with the odd index are lesser than the converging value.

¢ Elements with the even index are greater than the converging value.

Field Axioms
Field Axioms of R

R # ( with two binary operations + and - satisfying the following properties

. Closed under addition: Va,b € R;a +b € R

. Commutative: Va,b € R;a+b=b+a

. Associative: Va,b,c € R;(a+b)+c=a+ (b+c)

. Additive identity: 30 € RVa € Rja+0=0+a=a

. Additive inverse: Ya € R3(—a);a+ (—a) = (—a) +a =0
. Closed under multiplication: Va,b € R;a-b € R

. Commutative: Va,b € R;a-b=0>b-a

. Associative: Va,b,c € R;(a-b)-c=a-(b-c)

VO 00 N o0 o A WON P

. Multiplicative identity: 31 € RVa € Rja-1=1-a=a

=
o

. Multiplicative inverse: Va € R — {0} Ja";a-a~ =a~ -a=1

11. Multiplication is distributive over addition: a - (b+¢) =a-b+a- ¢

Required proofs

The below mentioned propositions can and should be proven using the above-mentioned axioms.

a,b,c € R
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a - 0 = 0 Hint: Start with a(1 + 0)

140

e Additive identity (0 ) is unique

e Multiplicative identity ( 1) is unique

e Additive inverse ( —a ) is unique for a given a
¢ Multiplicative inverse ( a=l)is unique for a given a
e a+b=0 —= b= —-a

e at+tc=b+c = a=0>

« —(a+b) = (-a)+(-b)

e —(—a)=a

e ac=bc = a=b>

e ab=0 = a=0VvVb=0

e —(ab) = (—a)b=a(-b)

e (—a)(—b)=abd

ca#0 = (@) '=a

e a,b#0 = ab l=0a"1p"!

Field
Any set satisfying the above axioms with two binary operations (commonly 4+ and -) is called a field.
Written as:
(R,+,-) is a Field but (R,-,+) is not a field
Field or Not?
Is field? Reason (if not)

(R, +,-) True

(R,-,+) False Axiom 11is invalid

(Z,+,-) False Multiplicative inverse doesn’t exist

(Q;+,-) True

(@ +°) Fase V2. V2gQ
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Is field? Reason (if not)

Boolean algebra False Additive inverse doesn't exist

({0,1},4+ mod 2,- mod 2)  True
({0,1,2},4+ mod 3, - mod 3) True

({0,1,2,3},+ mod 4, - mod 4) False Multiplicative inverse doesn’t exist

Completeness Axiom
Let A be a non empty subset of R.

u is the upper bound of A if: Va € A;a < u

A isbounded above if A has an upper bound

Maximum element of A: max A = u if u € A and u is an upper bound of A

e Supremumof A sup A, is the smallest upper bound of A
e Maximum is a supremum. Supremum is not necessarily a maximum.

[ is the lower bound of A if: Va € A;a > 1

A is bounded below if A has a lower bound

Minimum elementof A: min A =1 if [ € A and [ isalower bound of A

Infimum of A inf A, is the largest lower bound of A

Minimum is a infimum. Infimum is not necessarily a minimum.

Theorems

Let A be a non empty subset of R.

e Say u isanupperboundof A.Then u =sup A iff: Ve >0da € A; a+e>u
e Say lisalowerboundof A.Then l =inf A iff: Ve >0Jda € 4A; a—e <

‘ @ Proof Hint ’

{ Prove the contrapositive. Use € = 3 (L — sup(A)) for supremum proof. J
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Required proofs

o sup(a,b) =b
o inf(a,b) =a

Completeness property

A set A is said to have the completeness property iff every non-empty subset of A:

e Which is bounded below has a infimum in A

e Which is bounded above has a supremumin A

Both R, Z have the completeness property. Q doesn't.

In addition to that:

e Every non empty subset of Z which is bounded above has a maximum

e Every non empty subset of Z which is bounded below has a minimum

Order Axioms

o Trichotomy: Va,b € R exactly one of these holds: a > b, a =b, a < b

e Transitivity: Va,b,c € Rja <bAb<c = a<c

e Operation with addition: Va,b € R;a <b — a+c<b+c
o Operation with mutliplication: Va,b,c € R;a <bA0 < ¢ = ac < bc

Definitions

a<b=b>a
e a<b=a<bVa=0b
a#xFb=a<bVa>>d

| = T ifx >0,
-2 ifzx<O0

Triangular inequalities

la| = [b] < la+b] < |a] + [b]

[la] = [bl] < la+ |
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@ Proof Hint

For first:
o Use —|a| <a < |a|
For second:

e Use the below substitutions in first conclusion
ocoa=a—b AN b=b

ocoa=b—a N b=a

Required proofs

e Va,b,ceR;a<bAc<0 = ac > bc
e 1>0
« —la|<a<]q

¢ Triangular inequalities

Theorems

e JaVe>0,a<e = a<0
e JaVe>0,0<a<e = a=0
e Ve>0da,a<e=-a<0

‘ (D Caution ’

Ve > 0da, a < e = a < Qisnot valid. J

Relations

Definitions

o Cartesian Productof sets A,B A X B = {(a,b)|a € A,b € B}

o Ordered pair (a,b) = { {a},{a, b}}
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Relation

Let A, B # . Arelation R : A — Bis a non-empty subset of A X B.

aRb=(a,b) € R
e Domainof R: dom(R) = A
e Codomainof R: codom(R) = B
e Rangeof R: ran(R) = {y|(z,y) € R}
e ran(R) C B
e Pre-rangeof R: preran(R) = {z|(z,y) € R}
e preran(R) C A
* R(a) = {b|(a,b) € R}
Everywhere defined
Ris everywhere defined <= A = dom(R) = preran(R)
< Vac A, 3b € B; (a,b) € R.
Onto

Risonto <= B = codom(R) = ran(R) <= Vb€ Bda € A(a,b) €R

Aka. surjection.

Inverse

Inverse of a relation R:
R ={(b,a)|(a,b) € R}

Types of relation

one-many

< da € A, E|b1,b2 €B ((a, bl), (a, bz) €ERANb 7é bz)

Not one-many

< Va € A, Vbl,bz €B ((a, bl), (a, bz) €ER — b = b2)
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many-one

<= daj,as € A, b € B ((a1,b), (az,b) € R A a1 # a)

Not many-one

<= Vai,as € A,Vbe B ((al,b), (az,b) ER = a; = a2)

many-many

iff R is one-many and many-one.

one-one

iff R is not one-many and not many-one. Aka. injection.
Bijection

When a relation is onto and one-one.

Functions

Afunction f : A — Bisarelation f : A — Bwhich is everywhere defined and not one-many.

e dom(f) = A = preran(f)

Inverse

For a function f : A — Bto have its inverse relation f =1 : B — A be also a function:

e fisonto

e f is not many-one (in other words, f must be one-one)

The above statement is true for all unrestricted function f that has an inverse f =1

f =) =z=F"(f(z) ==

Real-valued functions

When both domain and codomains of a function are subsets of R, the function is said to be a real-

valued function.
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Odd and Even functions

Odd function

A function f thatis f(—x) = —f(x) V& € Dom(f).

Even function

A function f thatis f(—z) = f(x) Vx € Dom(f).

Composition
Composition of relations

LetR: A — Band S : B — C are 2relations. Composition can be defined when
ran(R) = preran(S).

Sayran(R) = preran(.S) = D. Composition of the 2 relations is written as:
SoR={(a,c)|(a,b) € R, (b,c) € S,bec D}

Identity relation

From the properties of the inverse relation, R o R~!, R~ o R are both defined always. This relation

is called the identity relation and denoted by 1.

Composition of functions

Let f: A — Bandg: B — C be 2 functions where f is onto.

gof:{(w,z)|(w,y) € f, (yaz) Gg,yEB}zg(f(:B))

The notation g o f can be written as g( f(x)).

Countability

A set Ais countable iff 3f : A — Z™, where f is a one-one function.
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Examples

e Countable: Any finite set, Z,Q

e Uncountable: R, Any open/closed intervalsin R.

Transitive property

Say B C A.

A is countable =—> B is countable
B is not countable = A is not countable
Limits

lim f(x) = Liff:

T—a

Ve>036>0Vz(0< |z—a|<d = |f(z)—L| <e)
Defining d in terms of a given € is enough to prove a limit.

Properties
Suppose lim f(z) = L,lim g(z) = M.

e imf+g=L+ M

o lim fg=LM
. lim§ = ﬁ (provided g(z) # 0 and M # 0)

One sided limits

In x-limit
lim f(z) =L <— ( lim f(z) =LA lim f(z) = L)
T—a T—a~ T—a~

Right limit

lim f(z) = Liff:

T—a~
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Ve>030>0Ve (—d<z—a<0 = |f(z)—L| <e)

Left limit

lim f(x) = Liff:

z—a™t

Ve>036>0Vz(0<z—a<d = |f(z)—L|<e)

In the answer
. _ - _ + . _ —_
lim f(e) = L = (lim f(e) = L* v Iim f (o) = L)

Top limit

lim f(x) = L7 iff:

T—a
Ve>036>0Vz (0<|zr—a|<d = 0L f(z) —L<e)

Bottom limit

lim f(z) = L~ iff:
Ve>036>0Vz (0<|z—a|<d = —e< f(z)—L<0)

Limits including infinite
In x-limit
Positive infinity

lim f(z) = Liff:

T—00
Ve>0dIN >0Vz (x> N = |f(z) — L| <e)

Negative infinity
lim f(x) = Liff:

T—>—00

Ve >03dN >0Vz (x < —N = |f(z) — L| <€)
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In the answer
Positive infinity

lim f(z) = coiff:

T—a
VM>036>0Vz (0< |z —a|<d = f(z) > M)

Negative infinity

lim f(x) = —ooiff:

T—a

VM>036>0Vz (0< |z—a|<d = f(z) < —M)

Known Limits

Well-known limits

Existing limits

. sinz
lim =1
z—0 T
‘ @ Proof hint ’
{ Squeeze theorem with sin @ cos § < 0 < tané. J
" — a"
lim = na™ !

. Az 4
lim (1+;) =e

T—00

n

VzeR lim > =0

n—oo Nl
Limits that DNE

lim sinz
T—>00
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. (1)
limsin | —
z—0 T

Indeterminate forms

o

< & 8 8 gg cle
|
8

—t
8

Continuity

A function f is continuous at a iff:
lim f(z) = f(a)
Ve>036>0Ve (Jx—a| <d = |f(z) — f(a)| <e€)

One-side continuous

Continuous from left

A function f is continuous from left at a iff:
lim f(z) = f(a)
T—ra

Continuous from right

A function f is continuous from right at a iff:

Iim f(z) = f(a)
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On interval

Open interval

A function f is continuous in (a, b) iff f is continuous on every ¢ € (a, b).

Closed interval

A function f is continuous in [a, b] iff fis:

e continuous on every ¢ € (a,b)
e right-continuous at a

e left-continuous at b

Uniformly continuous

Suppose a function f is continuous on (a, b). f is uniformly continuous on (a, b) iff:

Ve>036>0st. |[z—yl<d = |f(z) — f(y)| <e

If a function f is continuous on [a, ], f is uniformly continuous on [a, b].

‘ /\ Todo

{ Is this section correct? | am not 100% sure.

Continuity Theorems
Extreme Value Theorem

If fis continuous on [a, b], f has a maximum and a minimum in [a, b].

‘ @ Proof Hint

{ Proof is quite hard.

Intermediate Value Theorem

Let f is continuous on [a, b]. If Ju such that f(a) > u > f(b) or f(a) < u < f(b):3c € (a,b)

such that f(c) = w.
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@ Proof Hint

Define g(z) = f(z) — u

Start with f(b) < u < f(a)

Define A = {z € [a,b] | g(z) > 0}
Show that sup A (= c¢) exists.

Use the continuity definition. Assume and contradict these cases:
o ¢=a (use 2¢ = g(a))
o ¢c=0b (use 2¢ = —g(b))
o ¢ € (a,b) then contradict:
= g(c) > 0 (similarto ¢ = a case)

= g(c) < 0 (similarto ¢ = b case)

Sandwich (or Squeeze) Theorem

Let:

o Forsome 6 >0:Vz(0 < |z —a| <d = f(z) < g(z) < h(x))
. lim f(z) = lim h(z) = L € R

Then lim g(z) = L.
T—a

Works for any kind of x limits.

@ Proof Hint

Consider the limit definition of both f and h at £ = a
Show that f is bounded belowby L — €

Show that h is bounded above by L + €

That concludes g(z) — L is bounded by € which leads to the required limit

”No sudden changes”

Positive

Let f be continuous ona and f(a) > 0

— 6> 0Vz(lz—a|<d = f(z) >0)
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‘ @ Proof Hint

{ Take € = f(;)

Negative

Let f be continuous ona and f(a) < 0

= I>0Vz(lz—a|<d = f(z) <0)

‘ @ Proof Hint

{ Take € = —@

Differentiability

A function f is differentiable at a iff:

oo 1@) = £(@)

T—a r—a

=LeR=f(a)

When it is differentiable, f/(a) is called the derivative of f at a.
Critical point
¢ € [a, b] is called a critical point iff:

f is not differentiableatc vV f'(c) =0

One-side differentiable

f is differentiable at a iff f is left differentiable at @ and f is right differentiable at a.

Left differentiable

A function f is left-differentiable at a iff:

o 1@~ £(@)

T—a~ r—a

=LeR=f(a)
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Right differentiable

A function f is right-differentiable at a iff:

o 1@~ f(a)

z—a™t r—a

=LeR=f\(a)

On intervals

Open interval

A function f is differentiable in (a, b) iff f is differentiable on every ¢ € (a, b).
Closed interval

A function f is differentiable in [a, b] iff f is:

e differentiable on every ¢ € (a, b)
¢ right-differentiable at a

o left-differentiable at b

Continuously differentiable functions

A function f is said to be continously differentiable at a iff :

o f isdifferentiable at a and

e f'iscontinousat a

Differentiability implies continuity

f is differentiable at a = f is continuous at a

Likewise, one-sided differentiability implies corresponding one-sided continuity.

‘ @ Proof Hint ’

{ Used = min(51, m) J
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@ Note

Suppose f is differentiable at a. Define g:

f(z) — f(a) z+#a

r—a !

g(x) =
fl(a')a r=a

gis continuous at a.

.

Properties of differentiation

Addition
4 (frg=1+g
dz

Multiplication
i(fg) = fg' + fd
dz

Division

d (f\_gf'-71d
dz \ g g2
Composition

< o)) = 1'(6(@) ¢'(2)
Power

d

== @)f (@)
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Extremums

Suppose f : [a,b] = R,and F = f([a,b]) = { f(z) | z € [a,b] } Both minimum and maximum

values are called the extremums.

Maximum

Maximum of the function fis f(c) where ¢ € [a, b] iff:

Vz € [a,b], f(c) 2 f(z)

aka. Global Maximum. Maximum doesn'’t exist always.

Local Maximum

A Local maximum of the function fis f(c) where ¢ € [a, b] iff:
BVe(0< |z—c|<d = f(c) > f(x))

Global maximum is obviously a local maximum.

The above statement can be simplified when ¢ = aor ¢ = b.

Whenc = a:

B Ve(0<z—c<d = f(c) > f(x))
Whenc = b:

W Vr(—d<z—c<0 = f(c)> f(z))
Minimum

Minimum of the function fis f(¢) where ¢ € [a, b] iff:

Vz € [a,b], f(c) < f(z)

aka. Global Minimum. Minimum doesn’t exist always.
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Local Minimum
B Ve(0<|z—c|]<d = f(c) < f())

Global minimum is obviously a local maximum.
The above statement can be simplified when ¢ = aorc = b.

When ¢ = a:

B Ve(0<z—c<d = f(c) < f(x))
When ¢ = b:

I Ve (—d<z—c<0 = f(c) < f(z))

Special cases

f is continuous

Then by Extreme Value Theorem, we know f has a minimum and maximum in [a, b).

f is differentiable

o If f(a) isalocal maximum: f’ (a) <0

If £(b) is alocal maximum: f'(b) > 0

c € (a,b) andIf f(c) isalocal maximum: f'(c) =0
If f(a) isalocal minimum: f’ (a) > 0

If £(b) is alocal minimum: f/(b) <0

c € (a,b) andIf f(c) isalocal minimum: f’(c) =0

Other Theorems
Darboux’s Theorem

Let f be differentiable on [a, b], f'(a) # f'(b) and u is strictly between f'(a) and f'(b):

Jec € (a,b) s.t. f'(c) =u
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‘ @ Proof Hint

Use g(x) = ux — f(x) and follow the proof pattern of IVT proof.

Rolle’s Theorem

Let f be continuous on [a, b] and differentiable on (a, b). And f(a) = f(b). Then:

Jdc € (a,b) s.t. f'(c) =0

@ Proof Hint

By Extreme Value Theorem, maximum and minimum exists for f.

Consider 2 cases:

1. Both minimum and maximum existat @ and b.

2. One of minimum or maximum occurs in (a, b) .

Mean Value Theorem

Let f be continuous on [a, b] and differentiable on (a, b). Then:

Jec € (a,b) s.t. f'(c) = ;
—a

f(b) = f(a)

@ Proof Hint

e Define g(z) = f(z) — (%)m
o g(a) willbe equal to g(b)

¢ Use Rolle’s Theorem for g

Cauchy’s Mean Value Theorem

Let f and g be continuous on [a, b] and differentiable on (a, b), and V& € (a,b) g'(x) # 0 Then:
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£1c) _ 1) - f(@)
7@ ~ ob) —ga)

dec € (a,b) s.t.

@ Proof Hint

« Define h(z) = f(z) — (;‘g ;’((;;))) ()

o h(a) willbe equal to h(b)

e Use Rolle’s Theorem for h

.

Mean value theorem can be obtained from this when g(z) = .

L’'Hopital’s Rule
@ Note

Be careful with the pronunciation.

“_ 9

¢ |t's not “Hospital’s Rule”, there are no “s

¢ |t's not “Hopital’s Rule” either, there is a “L’™”

Learn the correct pronounciation from this video on YouTube.

.

L'Hopital’s Rule can be used when all of these conditions are met. (here d is some positive number).

Select the appropriate & range (as in the limit definition), say 1.

1. Either of these conditions must be satisfied
o f(a) =g(a) =0
o lim f(z) =limg(z) =0
o lim f(z) =limg(z) =
2. f, g are continuouson x € I (closed interval)

3. f, g aredifferentiable on € I (open interval)

4. g'(z) # 0 on x € I (openinterval)
5. lim £& — [
r—at g (:B)
Then: lim & — L,
r—at g(z)

Here, L can be either a real number or £00. And it is valid for all types of “x limits”.
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@ Proof Hint ’

{ L'Hopital’s rule can be proven using Cauchy’s Mean Value Theorem. J

Higher Order Derivatives
Suppose f is a function defined on (a, b). f is n times differentiable or n-th differentiable iff:

(n=1)(g) — £(»-1)
i £79(@) — £V (a)

z—a T —a

=LeR=fM()

Here f(™ denotes n-th derivative of f.And f{©) means the function itself.

£ ™ (a) is the n-th derivative of fat a.

@ Note

f is n-th differentiable at a => f(1) is continuous at a

Second derivative test

Suppose f'(z) = 0and f”(z) is continuous at c:

o f"(¢) >0 = alocal minimumisat c.Converse is not true.

e f"’(c) <0 = alocalmaximumisat c.Converse is not true.

The above conclusion is from Taylor’s theorem whenn = 1:

(z —c)?

£@) = £0) + (@) — o) + 11

f(z) — Tangent line = f”z('C) (x —c)?

Taylor’s Theorem

Let fis n + 1 differentiable on (a, b). Let ¢,z € (a,b). Then 3¢ € (¢, z) s.t. :
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B 2, f®(c) FH(Q) n+l
f(z) = f(c) +; T(w —o)f + m(m —c)

Mean value theorem can be derived from taylor’s theorem when n = 0.

@ Proof Hint

F(t) = f L

G(t) = (z—t)""!

e Define F',G as mentioned above
o Consider the interval [c, Z]

e Use Cauchy’s mean value theorem for F', G after making sure the conditions are met.

. J

The above equation can be written like:
f(z) = Ty(z,c) + Ry(z, c)

Taylor Polynomial

This part of the above equation is called the Taylor polynomial. Denoted by T7,(z, c).
f(k)
Tie,0) = 10+ T e - o

Remainder

Derivative form

Denoted by Ry, (z, c).

£ ()

(n - 1)' (ZB o c)n—i-l

R, (z,c) =
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Integral form

R, (z,c) = % /a: f(n+1)(t)(zc — t)"dt

@® Proof Hint

e Method 1: Use integration by parts and mathematical induction.

e Method 2: Use Generalized IVT for Riemann Integrals where:

o F:f(n—l—l)
o G=(z—1t)"
Sequence

A sequence ona set Aisafunctionu : Z* — A.

Image of the n is written as u,,. A sequence is indicated by one of these ways:

(e y or {unf or (),

Increasing or Decreasing

A sequence (’u,n) is

Increasing iff u,, > u,, for n > m

Decreasing iff u, < u,, for n > m

Monotone iff either increasing or decreasing

Strictly increasing iff u, > U, for n > m

Strictly decreasing iff u, < u,, for n > m

Convergence

Converging
A sequence (fu,n)zo is converging (to L € R) iff: lim u, = L

=1 n—00

Ve >03INe€Z*Vn(n>N = |u,—L| <e)
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Diverging
A sequence is diverging iff it is not converging.
00
lim u, = ¢ —o0
e undefined, when u, is osciallating
Convergence test

All converging sequences are bounded. Contrapositive can be used to prove the divergence.

Increasing and bounded above

Let (un) be increasing and bounded above. Then (un) is converging (to sup {u,}).

@ Proof Hint

o {un} hasa supu,(= s)

e Prove: lim u,, = 8~
n—o00

Decreasing and bounded below

Let (un) be decreasing and bounded below. Then (un) is converging (to inf {u,}).

@ Proof Hint

o {u,} hasa infu,(=1)

e Prove: lim u, =17
n—o00

- J

Both of the above results are referred to as “monotone convergence theorem”.

Newton’s method of finding roots

Suppose f is a function. To find its roots:

Select a point x

Draw a tangent at g

Choose x1 which is where the tangent meets y = 0

Continue this process repeatedly
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n

Sequence of x,, converges to one of the roots. Different points can be taken to find other roots.

Cauchy Sequence

Asequence u : Z+ — Ais Cauchy iff:
Ve > 03N € ZTVm,n;m,n > N = |up, — un| <€

Bounded

u, is Cauchy = u,, is bounded

Converse is not true.

@ Proof Hint

¢ Consider the Cauchy definition

e Take n>m=N+1>N

Convergence & Cauchy

Uy is converging =—> u,, is a Cauchy sequence

Converse is true only when the sequence is a subset of a Complete set.

@ Proof Hint

e Consider the limit definition of converging sequences

e Introduce the converging value (say L ) into the inequality and split into 2 parts

Complete

A set A is complete iff:
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Vu:Z" — A; uconvergesto L € A

IMPORTANT: R is complete. Proof is quite hard.

IMPORTANT: Q is not complete because:

1
D g =e-1£Q
k=1 ""

IMPORTANT: Z is complete.

Subsequence

Suppose u : ZT — Rbea sequence and v : Z* — Z™ be an increasing sequence. Then

uowv:Z" — Risasubsequence of wu.

Monotonic subsubsequence

Every sequence has a monotonic subsequence.

Proof

o Let n € Z™T becalled “good” iff Ym > n, un > U, .
e Suppose U, has infinitely many “good” points. That implies u,, has a decreasing subsequence.

e Suppose U, has finitely many “good” points. Let [N is the maximum of those.

Vni > N, n; is not ”good” Thatimplies u, has a increasing subsequence.

Bolzano-Weierstrass

Every bounded sequence on R has a converging subsequence.

Proof

From the above theorem, there is a monotonic subsequence u,, which is also bounded. Bounded

monotone sequences converge.
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@ Note

For a set A, all 3 statements are equivalent:

e A has the completeness property.

o A iscomplete

¢ Bolzano-Weierstrass theorem on A

Convergence

Suppose Uy, is a subsequence of uy,.

Sequence converging

lim v, =L = lim u, =1L

n—00 NE—00
Sequence diverging to infinity

lim uy =00 = lim u,, = o0
n—00 NE—00

‘ @ Proof Hint ’

{ Above 2 conclusions can be derived using ny > k. J

Converging subsequence

If up, is Cauchy and Uy, is a subsequence converging to L, then u,, converges to L.

Series

Let (u,,) be a sequence, and a series (a new sequence) can be defined from it such that:

n
Sp = E Up
k=1
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Convergence

If (85,) is converging:

n o0
limsnzlimg ukzg up,=S€R

Absolutely Converging

Y %1 Uk is absolutely converging iff Y _r_; |ux| is converging.

n n
E |ug| is converging — E u is converging
k=1 k=1

@ Proof Hint

Use this inequality:

0< |uk| —up < 2|uk|

.

Theorem

A series s, is absolutely converging to s iff rearranged series of s,, converges to s.

Conditionally Converging
ZZ:l u is condtionally converging iff:

n

n
E |ug| is diverging and E uy, is converging

Theorem

Suppose 8, is a conditionally converging series. Then:
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1. Sum of all the positive terms limits to co
2. Sum of all the negative terms limits to —00
3. 8, canbe rearranged to have the sum:

o Any real number

o 00

o —00

o Does not exist
Terms limitto O
n

E ur is converging —> lim u; =0
1 k—o0

The converse is known as the divergence test:

Grouping

Suppose Y uy, is a given series. If vy, is formed by grouping a finite number of adjacent terms ug,

then Y v, is a grouping of the given series.

Rearrangement

Suppose Y | uy, is a given series. If there is a bijection sequence k,, such that v,, = u,, then > v, is

a rearrangement of the given series.

Convergence Tests

Divergence test

n
lim uy # 0 = Z uy, is diverging

k—o00 ]

Direct Comparison Test

Let0 < ug < vg.

From Sahithyan's S1


https://s1.sahithyan.dev

(o o] o0
E v 1s converges —» E uy is converges
k=1 k=1

@ Proof Hint

¢ Note that ZZ:l up and ZZ:l Vg, are increasing

e Show that Ezil Vf, converges to its supremum v which is an upper bound of 22:1 Ug

@ Example

Proving the convergence of > ¢ | % by using k! > 2%~ forall k > 0.

Limit Comparison Test

Let0 < ug,viand lim > = R,

n—oo Un

o0 (0 o]
R>0 = (Z U, is converging <—- Z Uy, 18 converging)

(o ] (o ]
R=0 = <Z v, is converging — Z Uy, is converging)

R=00 =

/N

(o ] o0
Z v, is diverging —- Z Uy, 18 diverging)
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@ Proof Hint

Only possibilitiesare R = 0, R > 0, R = o¢.
For R > O:

e Consider limit definition with € = %

¢ Direct comparison test can be used for the 2 set of inequalities
For R = 0:

o Consider limit definition with € = 1

¢ Direct comparison test can be used now
For R = oc:

e Consider limit definition with M =1

¢ Direct comparison test can be used now

Integral Test

Letu(x) > 0, decreasing and integrable on [1, M] for all M > 1. Then:

o0 o0
Z u,, is converging <> / u(z) dz is converging
1

n=1

From Sahithyan's S1


https://s1.sahithyan.dev

@ Proof Hint
As u(x) is decreasing, it is apparent that it is integrable.

Make use of this inequality:

n
sn—ulg/ u(z)dz < s, — uy,
1

For <—:

e Note that s,, isincreasing

« Show that 8y, is bounded above by [, u(z)dz + us

For = :

Define Fi(n) = [[ u(z)dz

Note that F'(n) is increasing

Note that lim u, = 0
n—o0

Show that F'(n) is bounded above by lim s,
n—00

@ Note
o0
Z Uy is converging —> lim u; =0
k—o00
n=1
(o o]
/ u(z) dz is converging —> lim u(k) =0
1 k—o0
Ratio Test

. Un, o
Letw(z) > 0and lim L = L.

n—00 m

o0
L<l = Zun is converging

n=1
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o0
L>1 = Zun is diverging

n=1

@ Proof Hint

e Consider the limit definition with:
o Forthe L < 1 case: € = (1 — L)
o Forthe L > 1 case: € = 3 (L — 1)
" Uk+1 1
e Showthat: (3L —1) < = < 3(1+ L)
¢ Recursively simplify the inequality to reach w41 which is a constant

e Use Zzil ¥ is converging iff T < 1

Root Test

Let u, is a sequence and lim (|u,|)Y/™ = L.
n—00

o0
L<1l = Z u, is absolutely converging

n=1

o0
(L>1VL=00) = Zun is diverging

n=1

@ Proof Hint

Consider the limit definition with:
1
e For L<1l:e=5(1—-1L)

e« For L>1:e=3(L—1)
e For L=o0c0:M >1

Dirichlet’s test

Let:
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e b, isadecreasing sequence, converging to 0 and

* a, isasequence and

o A, =) }_;ak isbounded

o0
— Z anby, is converging

n=1

Known Series

These series are helpful when using the direct comparison test or limit comparison test.

p-series

Not to be confused with power series.
i 1
k=1 ke

Converges iff s > 1. When s = 1 the series is called the harmonic series.

This series occurs in the definition of Riemann zeta function.

‘ (® Note

{ When s = 2, the series converges to %.

Geometric series
o0
>
k=1

Converges iff |[r| < 1. In that case, it converges to 117"
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Alternating harmonic series

(-1

>

———— =In2
k=1 k

The above series is conditionally converging.

Special ones

00 .
sink . .
E is converging
k=1 k

Convergence of the above series can be proven using Dirichlet’s test.

Alternating Series

Suppose ug > 0. An alternating series is:

n
Z(—l)k_luk =u; — Uz +U3—Ug+ -

k=1

Convergence test

If Vk up, > 0, decreasing and lim u,, = 0, then:

n—00

n
Z(—l)k_luk is converging
k=1
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@ Proof

For odd-indexed elements:
Som+3 < Samy1 < 81 = Uy
For even-indexed elements:
82m+2 = Sam = S2 = U1 — U2
Combining these 2:
0<u; —us <82 < 89 < Sopt1 S 81 =1ug

Som, is bounded above by u; and increasing. Sa,,,11 is bounded below by 0 and decreasing. So

both converges.
lim (Som+1 — S2m) = lim ugpi =0
m—0o0 m—0o0

= lim 89,41 = lim 89, = s
m—0o0 m—»00

Both converges to the same number.

Strategy for Series

Consider a series in the form ZZ’ZI Uy,. To determine whether the series converges or diverges, one

of these cases (the most appropriate one) can be used. No need to memorize all these.
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1. If lim u, # 0 is apparent, then divergence test can be used. Otherwise look out for another way.
n—>00

. If u, consists of a constant raised to a power of 1, geometric series can be used.

. If u, consists of n raised to a constant power, p-series can be used.

. If u,, consists of (—1)" , alternating series test can be used.

. If u, consists of v,, raised to apower of n, root test would be suitable.

. If u,, includes n!, ratio test must be used.

N o o0 A W N

. If u,, isafraction, and consists of 1 in both the denominator and the numerator, then direct

comparison test or limit comparison test can be used. Consider the dominating parts to choose the

Up .

8. If u(x) is a positive and decreasing function, and faoo u(z) dz is easy to evaluate, then integral

test can be used.

Secret note on inequalities

Foranyp > 0 andq > 1, as n tends to 00, the below inequality holds:

Inn<«Kn?P < q¢" << nlk«n®

These inequalities can be used to find corresponding v,, to some u,, to be used for direct

comparison test or limit comparison test. The list is found on a video by blackpenredpen on YouTube.

Also:
n < nln(n) < n?
Power Series
A series of the form:
o0

Z an(z —c)”

n=0
Here:

e I -avariable

e (C -aconstant
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Convergence of a power series can be checked using ratio test or root test.

Radius of convergence

Maximum radius of & in where the series converges.
R = sup {r | series converges for [z — c| < r}

The below equation can be used to find R:

lim Joi =
1m |a = —
k—o0 k R

The series may converge or diverge for |z — ¢| = R.

Range of convergence

(¢ — R, c+ R)is the range of convergence. Aka. interval of convergence. The series may converge
or diverge at the endpoints. Endpoints must be checked separately to find out if they must be

included in the range of convergence.
The series is:

o Absolutely converging for |z — a| < R
o Diverging for |z —a| < R
e Uniformly converging for |:IZ — a| <p<R

Theorem 1

Suppose R € (0,00)and 0 < p < R.ThenVaVn (|z — a| < p = s,(2)) is uniformly (and

absolutely) converging.
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@ Proof Hint

e Note the relation between R and ay

1
Prove (Z;:—g)k isan upperbound to |ag|* , using it’s infinity limit
Define M}, = (p+R)k

Prove M}, isaboundto ug

Prove Zzzl rF is convergingas 0 < r <1

Taylor Series
Let f be infinitely many times differentiable on (a, b) and ¢, z € (a, b).

If lim R,(x) =0forz € (c— R,c+ R) C (a,b), then Taylor series of f at cis given by:
n—o0

™) (e
Zf ()(iL'—C)n

@ Note

Usually Taylor series expansion is done with ¢ = 0. This is a special case of Taylor series, and

called the Maclaurin series.

Procedure

Suppose a function f is given and its Taylor series is required.

o Differentiate f repeatedly and find a general solution for 7 -th derivative

¢ Construct Taylor polynomial

e Use root test or ratio test to find the range of convergence of the Taylor polynomial

¢ Consider the endpoints of range of convergence to check if the Taylor polynomial converges
e Construct the Taylor remainder

e Find for which values of x , the remainder converges to 0
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Examples

A

e X

Range of convergence is R.

. X 2" 932 3
=) r=ltytgtyt

n=0
In (1+x)
Range of convergence is (—1, 1].

0 1 n—lmn :132 :133 :1)4

ln(l—l—:n)zz( )n =m—7+?—z+
n=1

sin x

Range of convergence is R.

o) | w2n+1
: — 1 —p— 4= _Z ...
e ;( S Gyt TR TR

COos X

Range of convergence is R.

2n $2 :134 :IC6

T 12
(2n)! 20 4 6

o0
cos = Z(—l)"
n=0

Sequence of Functions

Types of Convergence

Pointwise convergence

Ve > 0Vz € [a,b] IN € ZT Vn > N ; |fa(z) — f(z)| <€

Here N dependsone, .
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Examples:

e z" on [0,1]
Uniformly convergence

Ve > 03N € ZT Vz € [a,b] Vn > N ; |fa(z) — f(z)| <€

Here IN depends on € only. Implies pointwise convergence.

Examples:

e Z on [0, 1]

n

Uniform convergence tests

Supremum test

Suppose u,, () is sequence of bounded functions. u,, () converges to u() uniformly iff:

1i_>m sup |un(x) —u(z)| =0

@ Proof Hint

Letl, = |un(x) — u(x)|.
To prove —:

¢ Consider the epsilon-delta definition of uniform convergence

< isanupperboundof I,

o sup,l, < 5 <e
To prove <—:

¢ Consider the epsilon-delta definition of the above limit

e l, <sup,l,<e€
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Properties of uniform convergence

Continuity

If wp, () is continuous and converging to u(x), then u(z) is also continuous.

@ Proof Hint

Consider the limit definitions of:

1. un(x) convergesto u(x)

2. up(x) is continuous at a

Consider |u(z) — u(a)|. Introduce u,, () and u,,(a) in there. Split into 3 absolute values. Show

that the sum is lesser than 3e.

. J/

Integrability

Explained in Converging Functions | Riemann Integration.

Differentiability

Uniform convergence-differentiation pair doesn’t go as smooth like integration was.

Suppose u,, (:n) is a sequence of differentiable functions, and they uniformly converges to u(a:)

Differentiability of u(z) is not guaranteed. An example is:

uy () is differentiable but u(z) is only differentiable on R — {0}.
Theorem
If (all conditions must be met):

1. un () is differentiable on [a, b]
2. up (o) converges (pointwise) for some g € |[a, b]

3. ul,(z) convergesto f(x) uniformlyon [a, b]

Then:
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1. un(x) convergesto u(x) uniformly on [a, b]
2. u(x) is differentiable on [a, b]

3. u/(z) = f(z) ORin other words u, (x) convergesto u'(z) uniformly

Uniformly Cauchy

un () in z € Ais said to be uniformly Cauchy iff:
Ve > 0IN € ZTVm,n > NVz € A; |up(z) — un(z)| < €
If w, () is a sequence of real-valued functions, then:

un(z) converges uniformly <= wuy,(z) is uniformly Cauchy

@ Proof Hint

Toprove =—:

o Consider |up(z) — um ()|
o Introduce u() in the inequality

¢ Split the inequality and and use the definition of uniform convergence
To prove <—:

¢ Consider the definition of uniformly Cauchy

e R is complete which implies the convergence.

Series of Functions

Let ux () is a sequence of integrable functions. And series of those functions is defined as:

@) = Y us(e)
k=1
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Convergence tests

Weierstrass M-test

To test if a series of functions converges uniformly and absolutely.
Suppose [, is a sequence of functions on a set A. If both these conditions are met:

e Vn>13M, >0Vz e A;|fu(z)| < M,
e T, = 270;1 M,, converges

Then:

(0,0
fn(x) converges uniformly & absolutely

n=1

@ Proof Hint

o 1, isCauchy
o [sn(Z) — sm(z)| < |Th — Tt

. sn(w) is uniformly Cauchy which implies it's converging uniformly and absolutely

Differentiation

Theorem
If (all conditions must be met):
1. up(z) is differentiable ( => s,,(z) is differentiable) on [a, b]

2. 8p(o) converges (pointwise) for some g € [a, b]

3. sh(z) = Y % up(x) convergesto f(z) uniformlyon [a, ]
Then:

1. s,(x) convergesto s(z) uniformly on [a, b]
2. s(x) is differentiable on [a, b]

3. §'(z) = f(z) ORinother words s/,(z) convergesto s'(z) uniformly

In that case, differentiation and infinite sum can be interchanged:

From Sahithyan's S1


https://s1.sahithyan.dev

—uk(z) = - ) ur(z)
; dz dz ;

For power series

For any power series, inside the range of convergence, conditions for the above theorem is valid and

thus the conclusions are valid.

Suppose s, = Y _p_; ak(z — ¢)¥, and R is the radius of convergence. For |z — ¢| < p < R:

d o0 o0 3
s'(z) = % Zak(m —co)f = Zkak(m —c)k!
T = k=0

@ Note

When a power series is differentiated: At the boundaries of the range of convergence which is a

closed interval, the convergence might be lost.

When a power series is integral: At the boundaries of the range of convergence which is an open

interval, the convergence might occur.

Riemann Zeta Function
© 1
((s) =) T
k=1

Convergence of this function can be derived using integral test. The above-mentioned series is

referred to as p-series.

Extension

The ¢ function can be extended to the set C — {1}.

Ramanujan Sum

(=) =-75
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Which is why, it's used as below:

1
1+2+43+445+ - =-7

This is known as the Ramanujan sum of the diverging series.

Riemann Hypothesis

The ( function has its zeros only at negative even integers and complex numbers with real part %

One of the most important unsolved problems in mathematics.

Euler Product formula

(=111

n=1 n

Where p,, is the n-th prime number.
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