Sahithyan's S1 — Maths

Riemann Integration

Introduction
Interval

Let I = [a, b]. Length of the interval |I| = b — a.

Disjoint interval

When 2 intervals don’t share any common numbers.

Almost disjoint interval

When 2 intervals are disjoint or intersect only at a common endpoint.

Riemann Integral

Let f — [a, b] — Ris a bounded function on a closed, bounded (compact) interval.

Riemann integral of f is:

b
|1
a
Definite integral

When a, b are constants.

Indefinite integral

When a is a constant but b is replaced with .

Partition

Let I be a non-empty, compact interval (closed and bounded). A partition of I is a finite collection

{Il, I,..., In} of almost disjoint, non-empty, compact sub-intervals whose union is I.
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A partition is determined by the endpoints of all sub-intervals:a = g < 1 < --- < x, = b.
A partition can be denoted by:

o itsintervals- P = {I1,Io,...,I,}

e the endpoints of its intervals - P = {:1:0, T1y.e., :I:n}

Riemann Sum

Let

f : [a,b] = R is a bounded function on the compact interval I = [a,b] with M = sup; f
and m = infy f.

P={L,L,...,I,}
My, = supy, f =sup{f(z) : = € [zr-1, zx]}
my, = infy, f = inf {f(x) : € [Tk_1,zk]}

Upper riemann sum
n
U(f;P) =)  My|I|
k=1
Lower riemann sum
n
L(f;P) =) mu|I|
k=1

mp < M — L(f;P) < U(f;P)

When P;, P; are any 2 partitions of I: L(f; P1) < U(f; P2)

Refinements
Q is called a refinement of P <> P and @ are partitions of [a,b] and P C Q.

In that case:
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L(f; P) < L(f;Q) <U(f;Q) <U(f; P)

If Py and P, are partitions of [a, b], then @ = P; U P is a refinement of both P; and Ps.

Upper & Lower integral

Let IP be the set of all possible partitions of the interval [a,, b].

Upper Integral

b
Uwr=mHUUJmPeP}=/°f

Lower Integral

b
Mﬁ=wﬁﬂﬁﬂfem=/f

For a bounded function f, always L(f) < U(f)

Riemann Integrable

A bounded function f : [a,b] — Ris Riemann integrable on [a, b] iff U(f) = L(f). In that case,

the Riemann integral of f on [a, b] is denoted by:

b
/ f(z) dz
a
Reimann Integrable or not
Function Yes or No? How?
Unbounded No By definition
Constant Yes VP (any partition) L(f; P) = U(f;P)
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Function Yes or No? How?

Monotonically Yes Take a partition such that
increasing/decreasing Az < b= W
Continuous Yes Take a partition such that
. €
Az < b= gts
Cauchy Criterion
Theorem

A bounded function f : [a,b] — R is Riemann integrable iff for every € > 0 there exists a partition
P, of [a, b], such that:

U(faPG)_L(faPG) <e€

@ Proof Hint

» Toprove = :consider L(f) — 5+ < L(f; P) and U(f; P) < U(f) + &
o Toprove <= :consider L(f; P) < L(f) and U(f) < U(f; P)

(® Note

f : [a,b] — Risintegrable on [a, b] when:

* The set of points of discontinuity of a bounded function f is finite.

e The set of points of discontinuity of a bounded function f is finite number of limit points. (may

have infinite number of discontinuities)

In these cases, the discontinuities don’t affect the result of the integration.

Theorems on Integrability
Theorem 1

Suppose f : [a,b] — R is bounded, and integrable on [c, b] for all ¢ € (a, b). Then f is integrable on
[@, b]. Also valid for the other end.
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@ Proof Hint

e |solate a partition on the required end.

e Choose x; or &,_1 suchthat Az < ﬁ where M is an upper or lower bound.

Theorem 2

Suppose f : [a,b] — R is bounded, and continuous on [¢, b] for all ¢ € (a, b). Then fis integrable

on [a, b]. Also valid for the other end.
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/\ Todo

Add proof hint. :::

Properties of Integrals

Suppose f and g are integrable on [a, b].

Flipping the range

Lbf:_[)af

Addition

f + g will be integrable on [a, b].

/ab(fig)=/abfi/abg

Converse is not true.

() Proof Hint

e Prove f + g isintegrable using:

o sup(f+ g) < sup(f) + sup(g)
o inf(f+ g) > inf(f) + inf(g)

o Startwith U(f + g) andshow U(f + g) < U(f) + U(g)
o Startwith L(f + g) andshow L(f + g) > L(f) + L(g)

Constant multiplication

Suppose k € R. kf will be integrable [a, b].

/abkfzk/abf
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Converse is not true.

@ Proof Hint

e Provefor k> 0.Use U—L < ¢
e Provefor k= —1

e Using the above results, proof for k < 0 is apparent

Bounds

ifm < f(x) < Mon|a,b]

b
m(b—a)s/ f < M(b-a)

If f(x) < g(x) on[a, b]:

Modulus

| f| will be integrable on [a, b].

‘/abf‘éfablfl

‘ @ Proof Hint

{ Start with —|f| < f < |f|- And integrate both sides.

Multiple

fg will be integrable on [a, b]. Converse is not true.
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@ Proof Hint

e Suppose f is bounded by k
2 e €
e Prove f“ isintegrable (Use ﬁ)

e fg isintegrable because:

fa=3[(f+9)°— -4

Max, Min
max(f, g) and min( f, g) are integrable.

Where max and min functions are defined as:

max(f,9) = 3 (I1f — gl + f+9)
min(f,g9) = 5 (=[f — gl + f+9)

Additivity

<= fisRiemann integrable on [a, c| and [c, b] where ¢ € (a, b).

@ Proof Hint

e ——> :Use Cauchy criterion after defining these:
o Pl={c}nP
o @ =P'Nla,c
o R=P'N[e,b

partition

.

e <— :Use cauchy criterion on [a, c], [c, b] separately and then combine using a union

After the integrability is proven,

/abf=/acf+/cbf
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@ Proof Hint

1. Let @ be apartitionon [a, c|] and R be apartitionon [¢c,b] .And P =Q N R.

2. Prove the below using Cauchy criteria:

/abf<L(f;P)+e — /abe/achr/cbf

3. Prove the below using Cauchy criteria (by considering RHS):

/acf+/cbf§/abf

Sequential Characterization of Integrability

A bounded function f : [a,b] — Ris Riemann integrable iff 3 { P, } a sequence of partitions, such
that:

Tim [U(f; P) = L(f; Pa)| =0

In that case:

/ber}l_)I{)loU(f,Pn) ZJl_Ef)loL(faPn)
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@ Proof Hint
Cauchy criteria and squeeze theorem is used for both side proof.
For <—:

Consider the limit definition.

Prove f is Riemann integrable on P, by Cauchy criteria.

Use squeeze theorem for U(f; P,) — U(f) < U(f; P,) — L(f; Py) to prove limit of

upper sum

Prove limit of lower sum using the limit of upper sum

For = : Consider the below, where nn € N.

0 < U(f; Pn) — L(f; Ly) <

S|+~

Theorem

Suppose f is Riemann integrable on [a, b).

)

b n
Ve>036>OVP<|P|<6=>‘/f—Zf((j)Ij
a j=1

WhereCj S [wj—lawj]aj =12,---,n.

@ Proof Hint

b n b
[ f-e<LiP) < 5L < UGP) < [ fee
a j=1 e

Intermediate Value Theorem for Integrals

Suppose f is a continuous function on [a, b]. Then 3z € (a, b):
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Proof
Suppose fmax = M = f(xo) and frmim = m = f(yo)
When M = m: f is a constant function. Proof is trivial.

Otherwise:

b
mb-a)< [ £<MG-a)
Then there exists € (2, Yo)-

Generlized IVT

Suppose f, g are continuous functions on [a, b] and g > 0.Then 3z € (a, b):

f(w)/abg=/abfg

@ Proof Hint

Consider this and proof is similar to IVT.

mg < fg < Mg

Converging Functions

Convergence of functions is introduced in Sequence of Functions | Real Analysis.
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Uniform Convergence Theorem

Let f,, be a sequence of Riemann integrable functions on [a, b]. Suppose f;, converges to f

uniformly. Then f is Riemann integrable on [a, b] and YV € [a, b]:

/ fn(x) dz converges to / f(z) dz uniformly

and:
b b
7}1520 fn(w) dz = /a lim f,(z)dz = /a f(z)dz
@® Proof Hint
e Consider = ) in place of €.

2(b—a
e Consider Cauchy criteria for fy .

e Prove f — fn is Riemann integrable using Cauchy criteria.

e f isRiemannintegrableas f = fy + (f — fN)

. J

When f,, converges to f pointwise, it is not certain whether f is Riemann integrable or not. An

example where f is not Riemann integrable:

lim u, =

n—00 0 otherwise

{1 T = qr where k <n

Here gy is the enumeration of rational numbers in [0, 1].

Dominated Convergence Theorem

Let f,, be a sequence of Riemann integrable functions on [a, b]. Suppose f;, converges to f
pointwise where f is Riemann integrable on [a, b]. If AM > 0 Vn Vz € [a,b] s.t. |f,(z)| < M:

lim fn (x)dz = / f(z)dz

n—00
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Monotone Convergence Theorem

Let f,, be a sequence of Riemann integrable functions on [a, b], and they are monotone (all

increasing or decreasing, like f1 < fa- -+ < f,). Suppose f,, converges to f pointwise where f is
Riemann integrable on [a, b]. If AM > 0 Vn Vz € [a,b] s.t. |fo(z)| < M:

lim fn (x)dz = / f(z)dz

n—00

Can be proven from the dominated convergence theorem.

Fundamental Theorem of Calculus

Theorem |

If gis continuous on [a, b] that is differentiable on (a, b) and if ¢’ is integrable on [a, b] then

b
/ ¢ = g(b) - gla)

‘ @ Proof Hint ’

{ Consider a general partition and use Mean Value Theorem on each parition. J

Integration by parts

Suppose u, v are continuous functions on [a, b] that are differentiable on (a, b). If u’ and v' are

Riemann integrable on [a, b]:

b b
/ u(z)v'(z) dz + / v/ (z)v(z) dz = u(b)v(b) — u(a)v(a)

‘ @ Proof Hint ’

{ Consider g = uv and use FTC |. J
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Theorem Il

Suppose f is an Riemann integrable function on [a, b]. For z € (a, b).

F(z) = / " () dt

e F(z) is uniformly continuous on [a, b]

° f is continuous at g € (a,, b) — F' is differentiable and F’(:I:()) = f(wo)

@ Proof Hint

For the first point:

€

o Consider 2 points in the interval z,y (> &) suchthat |z —y| < § = yi
e Show |F(y) — F(z)| <€

For the second point: Consider the continuity definition of f and prove is quite trivial.

F(z) — F(0)

=3 f(wo) < €

Theorem

Suppose f is Riemann integrable on an open interval I containing the values of differentiable

functions a, b. Then:

d @

& | f(t) dt = f(b(z))b'(z) — f(a(z))a'(z)
‘ @ Proof Hint ’
{ Can be done using FTC | and Il. Proof is quite trivial. J
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Theorem - Change of Variable

Suppose u is a differentiable function on an open interval J such that u' is continuous. Let I be an

open interval such that Vz € J, u(z) € I.

If fis continuous on I, then f o w is continuous on J and:

b u(b)
ou)(z)u (x)dz = u) du
JACERIORE /u(a)f()

Improper Riemann Integrals

Iniitally Riemann integrals are defined only for bounded functions defined on a set of compact

intervals.

Type 1

A function that is not integrable at one endpoint of the interval.

Suppose f : (a,b] — Risintegrable on [c, b] V¢ € (a, b).

b b
/ f=1lim f
% e—0 +e

a

Can be similarly defined on the other endpoint. The above integral converges iff the limit exists and

finite. Otherwise diverges.

Type 2

A function defined on unbounded interval (including 0o).

Suppose f : [a,00) — Risintegrable on [a, 7|Vr > a.

[ 1= [

Can be similarly defined on the other endpoint. The above integral converges iff the limit exists and

finite. Otherwise diverges.
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Type 3

A function that is undefined at finite number of points. The integral can be split into multiple integrals

of type 1. Similarly integrals from —o0 to oo can be defined.

| © Note |

{ The integral can be split into multiple integrals only when all those integrals exist. J

Convergence of improper integrals is similar to the convergence of series.

Absolute convergence test

b b
/ |f| converges —> / f converges
a a

Common integrals

1 00
1 1
/—dw / ¥ e
0 xP 1 P

The above integrals converge iff pis in the integrating (open) interval. Converges to =1 N that case.

1 sin? 2 © sin2 g
5 dz 5 dz
0 T 1 z

Both of the above integrals converges. Direct comparison test can be used.

e For the Istintegral, vV £~! can be used

e For the 2nd integral, z~2 can be used

Gamma function

Defined as below for n > 0:

I‘(n):/ ez ldx
0
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Aka. Eulerian integral of the second kind.

Convergence

I'(n) is convergent iff n > 0.

@ Proof Hint

Direct comparison test is used. Proved in 3 cases:

e Case 1: for positive integer n

o Consider the lemma 2's limit definition

o Take € =1

o Use the convergence of fooo e */2dg
e Case 2:for n > 1 non-integers

oUse |n|<n<|n|+1

o Use 2V le™® < glnle—=

o I'(|n] + 1) is converging from case 1
e Case3:for 0 <n<1.

o Proof is similar to case 1

o But fON e %™ 1 dz is an improper

o Prove that it is also converging

Properties

Proofs are required for each property mentioned below.

e I'(1)=1
e I'(n+1) =nl(n)
e '(n+1) =n!

o I'(n)I'(1 —n) = mesc(mx)
e T'(%) canbe extrapolated from I'(3) = 4/ (see below for explanation)

o I'(k),where k is arational number (other than integers and half of any integer), cannot be

expressed in a closed form value.
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Extension of gamma function

I'(n) function can be extended for negative non-integers using:

This cannot be used to define I'(0) because of the denominator. And through induction, I" function

cannot be defined for negative integers.

Lemmas
Lemma1
o0
Vs >0 / e *? dx converges
0
Lemma 2
xn—l
Vn € ZT lim =0

r—00 e$/2

Transformations

Alternate forms of I'(n). This section is intended to be exam-focused. Proofs for the transformations

are included in a separate section.

FormO,1, 4

Fork € R:
I'(n) = k/ e " dg
0

Form O (definition) is resulted when setting k = 1. Form 1is resulted when setting k = %
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Form 2

Form 3

Transformations Proofs

Form 1
Vn > 0:
1 [* n
I'(n) = —/ e dz
n Jo
@ Proof Hint
Use 2™ = t.
@ Note

One of the most frequently used integrals in mathematics:

/ e dz = ﬁ
0 2

Form 2

/ e—kzmn—l dz = F(n)
0 k™
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‘ @ Proof Hint ’

Use x = kt. |
Form 3
1 1 n—1
I'(n) = / <ln —) dz
0 I
@ Proof Hint
Use e™® = t.If the given integral’s range is from 0 to 1 and there is In, it’s better to try this

substitution.

Form 4

Fork € R:

I'(n) = k/ e " ldg
0

‘ @ Proof Hint ’

‘ Use z = . |

Beta function

Beta function is defined as below, for m,n > 0:
1
B(m,n) = / e™ (1 —z)" lde
0

Aka. Eulerian integral of the first kind.
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‘ @ Note ’

{ For m,n < 0, the beta function is divergent. J

Properties

Symmetrical

From the definition:

B(m,n) = B(n,m)

{ @ Proof Hint }

{Usetzl—w. J

Relation with gamma function

VYm,n > 0.

L'(m)'(n)

Blmm) = Tom +m)

Transformations

This section is intended to be exam-focused. Proofs for the transformations are included in a

separate section.

Form O, 6
b
/ ( — a)™ (b — &)™ dz = (b— @)™ 1 B(m, n)

Form O (definition) is derived by settinga = 0and b = 1, .
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Form1,3

/°° g™ 1 ds — B(m,n)
0

(ax + b)m™+n T T ampn

Form 1is derived by settinga = b = 1.

Form 2
1, . m-1 n—1
B(m,n) = / T te dz
0 (1 + w)m+n
Form 4
/% sin?™~1(z) cos? () _ B(m,n)
o (asin®z + bcos? g)m+n 2a™b"
Form 5,7

/1 ™11 —g) ! dop — B(m,n)
0

r= ——
(a + bz)mtn a™(a+b)™
Form 5 is derived by setting b = 1.

Transformations Proofs

Form 1

o0 wn—l 00 wm—l
B m,n) = ——dz = ——dzx
( ) A (CC + 1)m—|—n A (w + ]_)m—l—n

‘ @ Proof Hint

{ Usex = 1+_t in the definition.
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Form 2

1 m-1 n—1
B(m,n) = / i dz
0 (1 + w)m+n

‘ ® Proof Hint

Use xz = % in Form 1.

Form 3

/oo g™ 1 do — B(ma n)
0

(az + )™ 0 ambn

‘ @ Proof Hint

Use x = %t in Form 1.

Form 4

™

asin? z + bcos? z)mtn 2a™b"

/7 sin2m_1(w) cos?1(z) 4! B(m,n)
0o (

‘ ® Proof Hint

Use x = tan @ in Form 3.

Form5

/1 wm_l(l — :1;)”‘1 B(m7 n)
de = ————
o (z+a)mtr a™(1+a)™
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@ Proof Hint

Use the substituition in the definition.

t+a

. t(1+a)

Form 6

/ (@ — )™ (b—z)dz = (b

. a)m+n—lB(m, n)

‘ @ Proof Hint

Use z = at + b(1 — t) in the definition.

Form?7

1 wm—l(l _ w)n—l
/0 (a+ (b —a)x)mtn 75

1 ,.,m-1 1 — n—1
/ g™ (1 —x) dop —
0 (a + bw)m+n

_ B(m,n)

anrb™

B(m,n)

a™(a + b)™
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